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Abstract

A barrier bucket with very short or zero rf-barrier separation(relative to the
barrier widths) has its synchrotrontune decreasingfrom a very large value
towards the bucket boundary As a result, chaotic region may form nearthe
bucket centerand extendsoutward underincreasingmodulationof rf voltage

and/orrf phase.Applicationis madeto thosebarrierbucketsusedin momentum
mining atthe FermilabRegycler Ring.
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Abstract

A barrier bucket with very short or zero rf-barrier
separation(relative to the barrier widths) has its syn-
chrotrontune decreasingrom a very large value towards
the bucket boundary As aresult,chaoticregion mayform
nearthe bucket centerand extendsoutward underincreas-
ing modulationof rf voltageand/orrf phase.Application
is madeto thosebarrierbucketsusedin momentunmining
attheFermilabRegy/cler Ring.

UNPERTURBED BARRIER SYSTEM

During momentummining at the FermilabRegycler
Ring, a barrier bucket with zero barrier separationis
openedto store the unmined particles. At the barrier
width 77 = 1.27 us andheightVy = 2 kV, the maximum
half bucket heightis AEy, = +/232eVoTiEo/(In|To)
=21.77 MeV, with nominalbeamenegy £y =8.938 GeV,
nominal velocity v = (¢, ¢ being the velocity of
light, revolution period 7, = 11.13 us, and slip factor
n = —0.008812. The synchrotronfrequeng is infinite
at the centerof the bucket, and decrease$iyperbolically
with the maximum enegy offset AE to the minimum
value vymin = 1eVo/AEp = 2.297 x 107° [Eq. (1)]
at the edge. Becauseof the rather slowly decreasing
synchrotrontune towards the bucket edge, fixed points
of parametricresonancewill exhibit themseles rather
far away from the edgein the presencef voltageand/or
rf phasemodulation. The implication is that, unlike a
sinusoidalrf bucket, chaoticregions,if presentstartfrom
the bucket centerandextendoutward whenthe strengthof
modulationincreasesasillustratedin Fig. 1. This paper
senesasanextractof Ref[1].

Without voltage or phasemodulation,the equations
of motionof abeamparticleare
dr _ nAE dAE_eVOTl%_%f( 70
49~ woPE, do  2m or o2x b

whereAF istheenenpy offset,r isthearrival timelagging
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Figurel: Left: Synchrotrortuneandharmonicsss. barrierpene-
trationshaving resonancehainstartsfrom bucket centertowards
edge.Reverseis truefor thesinusoidalf bucket ontheright.
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Figure 2: Reducedrf potential fo(r,71) and rf voltage
fi(r, Th) = Thofo(r, Th) /0.

behindsomeon-enegy particle. The barriervoltageand
potentialareV; f1 andVy T} fo asillustratedin Fig 2. They
canbederivedfrom the Hamiltonian

_ U(AE)Q €VOT1

Hy = _
0 2w0ﬁ2E0 27

fo(r, 1),

from whichthemaximumenegy offsetAE corresponding
to themaximumbarrierpenetratiori¥' is obtained:
MAE? ey

QWOBQEO - 2 '
Theaction-anglevariableqJ, 1)) are,respectiely,
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aJ i /0 VW -Tifo’
where Fp(J,7) = fOT AE dr is the generatingfunction.
Thesynchrotrortunecanbederivedeasily:

o OHO AE)pk

T
s = =¥ — VsminT7——=_ — Vs min
Z/(VV) =V =V
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VOLTAGE MODULATION

Voltagemodulationis introducedby the substitution
Vo — Wo(1 + acosv,,0), wherev,, is the modulation
tuneandalj is the modulationvoltage. The Hamiltonian
recevvesa perturbatve term
eVoTh aeVoW
2w

™

|:COS(2’TM/J +vm0) + cos(2ny — ume)] ,

AH=

fo(r, Th) acos vy, 0 =— cOoS Uy, 0

aeVoW
+D e

n=1,2,---

wherewe have usedthe expansion

2w AaWw

3T1 m27r2T1
n=1,2,

fo(r,Th) = cos 2n1).
Pickingoutthe2n:1 resonancegheHamiltonianin aframe
rotatingwith the perturbatiorbecomes

Vm

—

2
H(J,¢) = —p(=J)*/3 [1 - n2—?r2 oS 2m4 5

Vo (3n 2/3 Toln| 1/3
P= o \1 2R EoeVy)
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Figure 3: Poincaresectionshaving rf voltage modulationwith aVo = 0.05V, at modulationtune (Ieft) pm = 2.3vsmin With
excitation of 2:1 resonance(middle) i, = 2.3vs min With no chaoticity Right: Poincaresectionshawing rf phasemodulationwith

aTy = 0.02T1 atptm = 1.195v5 min With 1:1resonancexcited.

Whenthe modulationfrequeng is nearan evenharmonic
of the synchrotronfrequeng, the particle motion is per
turbed sererely with possibleparticle loss. Fig. 3 shovs
the simulationof 100 particlesfor 5 million turns(55.7s)
with voltagemodulatedat a = 0.05 andmodulationtune
Um = 2.30vsmin. The 2:1 resonanceas evident. Par
ticles just outsidethe inner separatrix,r ~ +071 us,
can be driven to the outer separatrixand get lost. At
high modulationtune v,,,, all 2n:1 resonancesvith n up
t0 v /(2Vsmin) Will be excited. The half width of an
island chain is §(—J)%% = [16y/a/(n7)][2p/(3vm)]?

while the separatiorbetweertwo adjacenislandchainsis
A(=J)*3 = (2n + 1)[£2]2. Thusadjacenthainswill

overlaponly when|a| > ”4—2[1 + 5=]% whichiis too big to
be possible. Thustherewill not be any chaoticregion as
is shavn in middle plot of Fig. 3 atv,, = 29.08v i, and
a = 0.02.

To estimatethe toleranceof the rf voltage modu-
lation, we calculatethe maximum stable bunch areaof
the rf systemby tracking 5000 particlesfor more than
100 synchrotronoscillations (with referenceto v min)-
The fractional stable areain units of the bucket area
is defined as the ratio betweenthe number of survival
particlesand the numberof initial particles. The result
is depictedin Fig. 4. It appearshat the bucket cannot
befilled to morethan95%withoutencounterindgpeamloss.

RF PHASE MODULATION

Rf phasemodulationis introducedby  — 7 +
Tiacosv,,0, The perturbationterm in the Hamiltonian
becomes

VoT;
AH = —Z a;i ! [sin(md)—i—um@)—i—sin(ml/}—l/m@)]~

2
m=1,3,-:- .
whereugehasbeenmadeof the expansion

4
fi(r,Th) = Z Msmmw.
m=1,3,---
Pickingoutonem:1 resonancegheHamiltonianin aframe
rotatingwith the perturbatiorbecomes

aeVoTy
— ——— sinm.
mm

H(J,0) = —p(=J)*/3 = X g

m
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Figure4: Fractionaktablebunchareato bucket areaasfunctions
of voltagemodulationtune,for variousmodulationamplitudes.

The effect of rf phase modulation will be stronger
than the effect of voltage modulation, becauseof the
m~! dependeng of the resonancestrengths. Simula-
tions of the 1:1 resonanceare shawvn in the right plot
of Fig. 3 with phase modulation amplitude a7} =
0.0277 at the modulationtune of v,, = 1.195v4 min.
Here, the half-width of the island chainis §(—.J)?/3 =
Vam /T(4vm Vs min) 2/ (3v,,)]? while the separation
between2 adjacentchainsis A(—J)%% = 4(m +
1)[2p/(3vm)]?. Thusthe condition of overlappingisland
chainsis

s min

m(m + 1)%v2
S
mug,

which is alsothe conditionof evolutioninto chaos.The 3
plotsin Fig. 5 arefor phasenodulationamplitudea = 0.02
at modulationtunesy,, = 29.08, 58.13, and87.24v; win,
correspondingo 60, 120,and 180 Hz. Only oneparticle
hasbeenused. We seethat the chaoticregion becomes
larger with highermodulationtune, andthe particle wan-

dersoutsidethe bucket eventuallyin thelastplot.

To estimatethetoleranceof therf phasemodulation,
we calculatethe maximumstablebunchareaof therf sys-
temby tracking1000particlesfor about1000synchrotron
oscillations(with referenceo v min), about8.1 min. The
results depictedin Fig. 6 shav that the bucket cannot
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Figure5: Poincaresectionsshawing the chaoticregion producedoy tracking1 particlewith phasemodulationa = 0.02 atmodulation
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Figure6: Fractionaktablebunchareato bucketareaasfunctions
of phasemodulationtunefor variousmodulationamplitudes.

be stableif it is morethan92% filled. We find rf phase
modulationmoredevastatinghanrf voltagemodulation.

SYNCHRO-BETATRON COUPLING

An extradipolefield with anextrabendingangleAd
resultsin a closed-orbitlengtheningof AC = DA#, D
beingthe dispersion. The beamparticle will arrive at the
rf cavity with a phaseerror AT = ACT,/C in time.
Whenthis extra dipole field comesfrom the vibration of
a quadrupolewith a horizontalmodulationtunev,,, therf
phaseerror accumulategor roughly half the modulation
period before de-accumulationiakes place,and the accu-
mulation enhancementnhancementactoris (27v,,) .
Thustherf phasesrrorwill oscillateatthe modulationtune
with theamplitude
AT DAO Ty

T, 2mvnC Ty’

If we wish to fill the barrier bucket up to 92%, we learn
from Fig. 6 that the rf phaseerror hasto be lessthan
a ~ 0.0001 to avoid beamloss. Thisimpliesthattheallow-
ableorbitlengthenings AC' = DAO = 27vy,aCTy /Ty =
5.47 x 10~% m, wherewe have usedthe Regscler circum-
ferenceC’ = 3319 m andsetv,, = Vs min.

a =

A typical quadrupolesetin the Reg/cle Ring consists

29.08, 58.13,and

of two half-quadrupolegachof lengthA¢/2 = 0.787 m
separatedy 1 m with afield gradientk’; = B, /(Bp) =
0.0886 m~—2, where(Bp) is therigidity of the beam. The
half FODOcellis 17.28m long. If thequadrupolesethas
ahorizontaloffsetAz = 1 um from thedesignedrbit, the
beamwill seeanextradipolefield AB, = K;Axz(Bp), re-
ceve anextrabendof A§ = AB,Al/(Bp) = KiAzAl,
and thus lengthenthe closedorbit by AC = DAf =
3.07 x 1075 m, 18.0 times less than the stability crite-
rion derived above, where maximumdispersionof D =
2.227 m hasbeenused.

Considera truck driven on the serviceroad about
22 m above the Regcler Ring. The stability criterion
will be surpassedf horizontal vibrations are excited in
18 consecutie quadrupolesets with an amplitude of
Az = 1 pm. The next possibility is the influenceof the
LCW water cooling pumpsof the Main Injector which
shareghe sametunnelwith the Reg/cler Ring. Whenall
the 208 setsof quadrupole®scillaterandomlyat the natu-
ral frequeny of v,,wo/(27) = 9.6 Hz, [4] thelengthening
of the closedorbit will be enhancedoy /206 = 14.4
times that from one quadrupole. However, the stability
criterionwill alsobe enhancedy vy, /vsmin = 4.7 times
becausef the highermodulationfrequeng. As aresult,
an oscillation amplitude of Az = 6 pm will surpass
the stability criterion. Another possibility is the 60 Hz
electrical noise correspondingto the modulation tune
Vm = 29.08v5 min. If all the quadrupolesetsare excited
randomly an amplitudeof oscillationof Az = 36 um is
requiredto surpasshe stability criterion.
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